Abstract. Let G be a finite group of Lie type in characteristic p. This paper addresses the problem of describing the irreducible complex (or p-adic) representations of G that remain absolutely irreducible under the Brauer reduction modulo p. An efficient approach to solve this problem for p > 3 has been elaborated in earlier papers by the authors. In this paper, we use arithmetical properties of character degrees to solve this problem for the groups
Introduction
The Brauer reduction of ordinary representations modulo a prime p provides a link between the ordinary and the modular representations. For finite groups G of Lie type in characteristic p both p-modular and ordinary representation theory have made remarkable achievements during the last 30 years; cf. [L] , [J] . However, the regularities of the Brauer reduction have been much less understood. The following problem, which is in a sense the simplest one about reduction modulo p of complex representations, still remains open.
Problem 1.1. Determine the complex representations of a finite group of Lie type that remain irreducible under the reduction modulo the defining characteristic.
In [TZ1] we have elaborated an approach which combines the machinery of integral representation theory, structure theory of finite groups of Lie type, the DeligneLusztig theory and modular representation theory of algebraic groups. This method allows us to solve Problem 1.1 in the case p > 3 for the complex irreducible rep-resentations of G, which are unramified above p, that is, whose character values belong to an unramified above p extension of the rational number field Q. These results also lead to significant progress on important applications. Two of them are considered briefly in [TZ1] ; the first one is the Thompson-Gross problem on classifying globally irreducible lattices [T, Gr] , and the second one is about lifting representations over Z/pZ to representations over Z/p k Z.
In the sequel [TZ2] to [TZ1] , we classify finite connected reductive groups for which all complex representations are unramified. In particular, the results of [TZ1] and [TZ2] solve Problem 1.1 for finite groups of Lie type G F , where G is a connected reductive algebraic group in characteristic p > 3, F a Frobenius map on G, provided one of the following conditions holds:
(i) the absolute value of every eigenvalue of F is a square and p is a good prime for G;
(
E 6 (q), and p > 3. (Here, CSp 2n (q) is the conformal symplectic group, and CSpin ± n (q) is the so-called special Clifford group.)
The main method of [TZ1] , however, cannot be applied to ramified representations which exist for certain finite groups of Lie type (even though the majority of complex representations of any given finite group of Lie type are unramified). In this paper, we prove an asymptotical result, cf. Theorem 2.2, which solves Problem 1.1 for all finite groups of Lie type over F q in any characteristic, provided that q is large enough.
We also obtain some results on Problem 1.1 in the case of characteristic 2 and 3. The main idea that we exploit in this paper is to use arithmetical properties of character degrees of finite groups of Lie type.
Throughout the paper, "irreducible" means absolutely irreducible. P is an algebraically closed field of characteristic p. Irr(G), resp. IBr p (G), denotes the set of all irreducible complex characters, resp. of irreducible Brauer characters in characteristic p, of a finite group G. |G| p , resp. |G| p , denotes the p-part, resp. the p -part of |G|. If G is a simple algebraic group defined over P, then G(q) denotes the fixed point subgroup G F for a Frobenius endomorphism F on G with eigenvalues of absolute value q, except for the Suzuki and the Ree groups. In the latter case, to avoid irrational numbers, we use q to indicate the order of the standard realization field, so the groups are 2 B 2 (q), 2 G 2 (q), and 2 F 4 (q), where q = 2 2a+1 , 3 2a+1 , and 2 2a+1 for some integer a ≥ 0, respectively. 
Asymptotical result
According to [Zs] , if n > 2 and (p, n) = (2, 6), then p n − 1 has a primitive prime divisor, that is, a prime divisor that does not divide 
Proof. The case of twisted groups
, and 3 D 4 (q) can be dealt with directly using the results of [CR] , [DM] , [E] , [EY] . Henceforth we assume that G is not isomorphic to any of these three twisted groups. Consider two cases: χ is unipotent, and χ is not. In the first case, χ(1) is the same for G and for the dual group H := G ad (q) of adjoint type, and for the latter group the unipotent degrees are listed in [C2, § §13.8, 13.9] . In the second case, Lusztig's classification of irreducible characters of G (cf. for instance [DiM] ) tells us that χ corresponds to a pair ((s), χ u ), where (s) is a non-central semisimple conjugacy class in H and χ u is a unipotent character of C H (s), and χ(1) = (H : C H (s)) p χ u (1). The structure of the centralizers of semisimple elements in finite groups of Lie type has been determined in [C1] in the classical case, and in [D] , [DL] , [Sh1] , [Sh2] , and [Sho] in the case of exceptional groups. Using these results we can show that (H : C H (s)) p is divisible by a "big" q d . Since the involved calculations are fairly straightforward, we omit them and give the result in Proof. A well-known result of C. W. Curtis (cf. [B, Cor. B.5.11] for the simply connected case) states that χ ∈ Irr(G) has p-defect 0 if and only if χ is the Steinberg character (multiplied possibly by a character of degree 1), in which case χ(1) = |G| p . Thus (i) implies (ii) and so it suffices to prove (i).
Let be the largest prime divisor (other than p) of the degrees of the restricted irreducible representations of the simply connected simple group G sc . Let h be the Coxeter number of G and set f 0 = max{4 /h, 4}. We show that (i) is true whenever f ≥ f 0 . Assume the contrary: f ≥ f 0 but there are χ ∈ Irr(G) and ϕ ∈ IBr p (G) with ϕ(1) = χ(1) / ∈ {1, |G| p }. Let S = G sc (q) be the finite group of Lie type corresponding to the simply connected group G sc . Then it is known that K := O p (G) is isomorphic to S/Z for some central subgroup Z of S; furthermore, e := |G/K| divides q 2 − 1 and e ≤ h; cf. for instance [GLS] . Let ρ, resp. ψ, be an irreducible constituent of χ| K , resp. of ϕ| K . Since G/K is abelian, K is perfect, and χ(1) > 1, we must have that ρ(1) > 1. Assume that ρ(1) = |S| p . Then χ(1) is divisible by |S| p = |K| p = |G| p , whence χ has p-defect zero and so χ(1) = |G| p , a contradiction. Thus ρ(1) / ∈ {1, |S| p }. Clearly, we can view ρ and ψ as characters of S. Hence, by Lemma 2.1, ρ(1), and so χ(1), is divisible by
By the choice of and by Steinberg's Tensor Product Theorem,
Since ϕ is a quotient of the induced character ψ G , this implies in particular that q d ≤ e. On the other hand, the primitivity of q d again implies that
Remark 2.3. In the proof of Theorem 2.2 we can actually take f 0 = max{2 /h, 4}.
On the other hand, all the excluded groups are handled in Theorem 1.2.
Small characteristic case
The results of [TZ1] do not apply to finite groups of Lie type in characteristic 2 and 3. However, Problem 1.1 for several groups in characteristic 2 and 3 can be settled directly. Proof. Assume the contrary: χ(mod p) is irreducible, but χ is neither the trivial character nor the Steinberg character.
1) First we consider the case p = 3 and G = G 2 (q). According to [JLPW] , the irreducible 3-modular characters of G 2 (3) have degree 1, 7, 27, 49, 189 and 729. By our assumption, χ(1) is the degree of an irreducible 3-modular character of G, hence χ(1) = 3 a 7 b > 1 for some a, b ∈ Z + by Steinberg's Tensor Product Theorem. In particular, χ(1) is odd. Inspecting the character degrees of G as listed in [E] , we see that in this case χ (1) (1) is divisible either by (q − 1)/2 or q 2 − q + 1. Choose a primitive prime divisor of q − 1, resp. of q 6 − 1. Then = 3, 7, contrary to the assumption that χ(1) = 3 a 7 b . 3) Finally, let p = 2. According to [JLPW] , the irreducible 2-modular characters of G 2 (2) = SU 3 (3) · 2 have degree 1, 6, 14, and 64. By our assumption, χ(1) = 2 a 3 b 7 c > 1 for some a, b, c ∈ Z + . In particular, χ(1) is even. Inspecting the character degrees of G as listed in [EY] , we see that χ(1) is one of the following:
2 /3, with ε = ±1 and q ≡ ε(mod 3). The case f = 2 can be easily handled directly, hence we may assume that f ≥ 3. Consider a primitive prime divisor of q 3 − 1 and a primitive prime divisor of q 6 − 1. Clearly, , = 2, 3, 7 and |(q 2 + q + 1), |(q 2 − q + 1). Since χ cannot be divisible by and by , we come to the conclusion that χ(1) = q(q 2 − 1) 2 /3. If f ≥ 4, then χ(1) is divisible by a primitive prime divisor of q 2 − 1, which clearly differs from 2, 3 and 7, a contradiction. If f = 3, then χ(1) = q(q 2 − 1) 2 /3 = 2 3 3 4 7 2 cannot be written as a product of some 6's, 14's and 64's, again a contradiction.
Remark 3.2. Observe that G 2 (3) has exceptional Schur multiplier Z 3 . The cover 3G 2 (3) has 10 faithful characters, 4 of degree 27, 4 of degree 189 and 2 of degree 729, which are irreducible modulo 3. Even more, the four characters of degree 27 are irreducible modulo any prime, and they give rise to two globally irreducible representations (in the sense of [Gr] ) of degree 54. Similarly, G 2 (4) has exceptional Schur multiplier Z 2 . The cover 2G 2 (4) has a faithful character of degree 4096, which is irreducible modulo 2. Proof. Assume the contrary: χ(mod 2) is irreducible, but χ is neither the trivial character nor the Steinberg character. According to [V] , the degree of any irreducible 2-modular character of F 4 ( 2) Finally, we assume that χ is not a unipotent character. Then, according to Luzstig's classification of irreducible characters of G, χ(1) is divisible by e := (G : C G (s)) 2 for some nontrivial semisimple element s ∈ G, since the group G is self-dual. The order of C G (s) is given in [Sh1, Table III ]. In particular, in all but one case e is divisible by q 4 + 1 and so by , a contradiction. In the only exception, e is divisible by q 12 − 1 and so by 7, again a contradiction.
Remark 3.4. Let G = 2 F 4 (2) be the Tits simple group. Then χ ∈ Irr(G) is irreducible modulo 2 precisely when χ is one of the following characters: the trivial character, one of the two characters of degree 26 (these two characters are globally irreducible), and one of the two characters of degree 2048. This can be seen by inspecting [Atlas] and [JLPW] .
Remark 3.5. Let q = 2 f > 2 and let G = 2 B 2 (q). Suppose χ ∈ Irr(G) is irreducible modulo 2. Then the conclusion of Proposition 3.3 also holds for χ, since the degrees of irreducible 2-modular characters of G are 2-powers, meanwhile the only nontrivial irreducible complex character of 2-power degree of G is the Steinberg character; cf. [Su] . If q = 8, then the Schur multiplier of G is Z Proof. Assume the contrary: χ(mod 2) is irreducible, but χ is neither the trivial character nor the Steinberg character. The case q = 2 can easily be checked using [Atlas] and [JLPW] , therefore we may assume that q > 2. According to [JLPW] , the degree of any irreducible 2-modular character of D 4 (2) is either 1, 8, 26, 160, 246, 784, and 2048 , and so it can be divisible only by the primes 2, 3, 5, 7, 13, 
